We study the holographic entanglement entropy of anisotropic and nonconformal theories that are holographically dual to geometries with hyperscaling violation, parameterized by two parameters z and θ. In the vacuum state of a conformal field theory, it is known that the entanglement entropy of a kink region contains a logarithmic universal term which is only due to the singularity of the entangling surface. But, we show that the effects of the singularity as well as anisotropy of spacetime on the entanglement entropy exhibit themselves in various forms depending on z and θ ranges. We identify the structure of various divergences may appear in the entanglement entropy, specially those which are universal and appear in the logarithmic or double logarithmic forms. In the range z > 1, for values z = 2k/(2k − 1) with some integer k and θ = 0, Lifshitz geometry, we find a double logarithmic term. In the range 0 < z, for values θ = 1 − 2n|z − 1| with some integer n we find a logarithmic term.
Introduction
Gauge/gravity duality [1, 2, 3] provides a framework to explore various aspects of the strongly coupled gauge field theories. By this duality, the (d + 1)-dimensional field theory, boundary theory, duals to the gravitational theory in a (d + 2)-dimensional spacetime, bulk theory. The early studies in this context lie on investigating duality between a conformal field theory (CF T ) on the boundary and the gravity on the AdS background. Over the years, it was generalized to accounting for diverse range of quantum systems [4, 5, 6, 7, 8, 9, 10, 11, 12] .
One of the extension is theories which are scale invariant but not conformal. These are corresponding to the Lifshitz fixed point and characterized by a dynamical critical exponent z. The gravity dual of these theories is defined in the following background metrics [13, 14] ,
with the following scale transformation which leaves the metric invariant,
Another extension, is the strongly coupled field theories which are dual to geometries that are characterized by two parameters, a dynamical exponent z, and a hyperscaling violation exponent θ. The metrics of these geometries are defined as [15] 
where r F represent the scale, such that the below of it the above metric provide the proper gravitational dual for strongly coupled theory [22] . The scale transformations of the coordinates are defined as t → λ z t, r → λr x i → λx i , ds 2 → λ The metric transforms covariantly under these transformations. The above metric (1.3) has been named hyperscaling violating Lifshitz metric (hvLf). In the context of holography, these metrics have been extensively studied [16, 17, 18, 19, 20, 21, 22, 23, 24] . As an application of the AdS/CFT correspondence, one can evaluate the entanglement entropy of the boundary theory via Ryu-Takayanagi (RT) prescription [25, 26] .
A characteristic feature of a quantum system is its quantum entanglement property. Entanglement entropy is one of the important measures of entanglement feature in quantum systems and emerges in diverse research areas [11, 12, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] . In the context of quantum field theory, the entanglement entropy of a sub region A is defined as S = −T r(ρ A logρ A ), where the reduced density matrix ρ A is obtained by tracing out the degrees of freedom of complementary regionĀ of A, ρ A = T rĀ(ρ).
In general, the entanglement entropy is U V divergent due to the short range correlations across the so-called entangling surface, the boundary of two regions. So in order to have a well-defined quantity it must be regularized. It depends on the geometry and topology of the background as well as entangling surface. As an example, in the vacuum of a (2 + 1)-dimensional CF T , the entanglement entropy for a smooth entangling surface takes the following form 5) where l Σ is the length of the entangling surface, δ is a U V cut-off, and β is a scheme dependent coefficient which depends on the details of the underlying theory. The leading term exhibits the"area law" [38, 39] and the second term F is a universal term independent of the regularization scheme. On the other hand, when there is a singularity in the entangling surface, the entanglement entropy contains a universal contribution,
where Ω is the opening angle, α is the scheme dependent constant, and H denotes th characteristic length of the entangling surface. a(Ω) is a coefficient of the new logarithmic term that appears due to the singularity of the entangling surface and gives the universal contribution to the EE. It is a positive convex function that satisfies some properties. See [40, 41, 42, 43, 44, 45, 46] for details. A similar universal contribution appears in the entanglement entropy of the conformal field theories, for which depending on the dimension of space time and singularity of entangling surface, logarithmic or double logarithmic terms appear [47, 48, 49, 50, 51, 52, 53] .
There are similar stories on the EE of the relevant perturbed conformal field theories. The relevant perturbation of a conformal field theory induces a universal logarithmic [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64] or double logarithmic term in the entanglement entropy [65] .
The importance of these universal terms is that their coefficients are scheme independent and encode the universal data of the underlying quantum field theory.
In the context of non-conformal theories, there are similar computations. In the case of hyperscaling violation background, typical computations in d = 3 [66] shows that the logarithmic term disappears, except θ = 1, in which the entanglement entropy shows up logarithmic violation of the area law, and it corresponds to Fermi surface in the boundary theory [17, 22, 23] . The log terms will appear by adding terms with higher derivatives to the Einstein gravity or higher-dimensional space-times [67, 68] .
Motivated with recent work [69] , who finds the scaling solutions in IR limit, we examine the entanglement structure of the anisotropic strongly coupled field theories. The metric of the dual geometry is defined as 1
So, the scale transformation of the coordinates is defined as
The metric transforms covariantly under these transformations. Parameters z and θ are constrained by the null energy condition which is
where ξ µ is a null vector and G µν is the Einstein tensor. We adopt the null vector to be
with d = 2. Then the null energy condition (NEC) implies two independent inequalities as follows,
Our goal in this paper is to calculate the entanglement entropy of the curved kink region in the (1.7) background via RT prescription. According to it, the holographic entanglement entropy of a sub-region V on the boundary theory is given by
in which m is the bulk minimal surface which is homologous to V and ∂ m matches the entangling surface ∂ V on the boundary. Our paper is organized as follows. In the first section, we study the holographic entanglement entropy with singular surface oriented along the anisotropic scaling direction y. In the second section we comment about the case in which the singular surface lying along isotropic direction x. The conclusion and discussion are included in the last section.
Holographic entanglement entropy of a curved kink
In this section, we study the entanglement entropy in the curved kink region which is shape invariant under the scaling (1.8) and given in the time slice t E = 0 as V = {a|x| 1/z ≤ y, 0 ≤ y ≤ H}, where H is an IR cut-off and a is a constant which represents the wideness of the curved Kink 2 . We choose the metric
and define our coordinates as
2 Recently, the authors of [70] considered similar region in a homogeneous isotropic background. The right shows the corresponding bulk minimal surface.
The holographic entanglement entropy is given by 5) in which δ is a U V cut-off, is an angular cut-off, and r m is defined such that ρ(r m , 0) = H, and the L is defined as
By extremizing the entropy functional (2.5) we derive the equation of motion for ρ(z, ϕ),
Due to the scaling behavior of the background metric, we apply the ansatz ρ(z, ϕ) = r/h z (ϕ), which is h → 0 as ϕ → π 2 ± Ω 2 . with this ansatz, the entropy functional becomes
in which,ḣ = ∂ ϕ h, h 0 = h(0) andḣ 0 = 0. Note, we introduce r = δ as U V cut-off, and we have changed the integration variable from ϕ to h, and L h defined as
By substituting the ansatz ρ(z, ϕ) = r/h z (ϕ) in the equation (2.7) we reach to the equation of motion for h(ϕ)
In order to identify various divergence structure that may be appear, we must find the asymptotic behavior of integrand in terms of h, where h → 0. To do so, we make a change of variable ϕ = ϕ(h) and independent variable from ϕ to h, and find the equation of motion of ϕ = ϕ(h). Using the relationsḣ = 1 ϕ(h) ,ḧ = −φ ϕ 3 , we reach to the following functional
in which,ḣ = ∂ ϕ h, h 0 = h(0) andḣ 0 = 0. Note, we introduce r = δ as UV cut-off, and we have changed the integration variable from ϕ to h, and L defined as
Using (2.10), we find the equation of motion for ϕ
dh 2 . Now, we solve this equation perturbatively in terms of h near the boundary, where h is small with boundary condition ϕ(0) = ϕ 0 at h = 0. Let us consider different z ranges as follows.
z > 1
For z > 1, we find the following expansion as a solution to (2.13),
where some ϕ 2n 's are derived as,
,
Near the boundary, assuming z > 1, the integrands of (2.12) behaves as
where dots denotes nonsingular contributions. It follows then
16)
The singular terms are restricted to n ≤ n max which is the greatest integer satisfying n max < (z + 1)/(2(z − 1)). Now by using the relations (2.16) we can isolate the divergent part of integral (2.8), and make it finite
where
We differentiate I 1 and I 2 with respect to U V cut-off δ and look for various divergent terms. we find 
The double log term appears at θ = 0 and z = 2k/(2k − 1) for some positive integer k. This is consistent with the null energy conditions (1.11) and (1.12).
Other log terms appear when
for some integer 0 ≤ m ≤ n max . This is again can fit in the NEC inequalities. Then one finds,
We collect all terms as
where the superscript y denotes that the region bisector towards the y-axis.
0 < z < 1
Here we find,
Again we will see that only ϕ 0 contributes to the singular part of integrand (2.12) which near the boundary can be expanded as 27) and the final result is
Note that there are logarithmic and double logarithmic terms for k = 1/(2(1 − z)) or z = (2k −1)/(2k) and θ = 0. However, this is not consistent with the NEC. In contrast, we introduced θ = 1 − 2 (1 − z) which can be fitted with the NEC.
z < 0
In this case, the solution to (2.13) read as
where coefficients ϕ 2n are functions of z and θ. However, near the boundary, only the constant term ϕ 0 contributes to the singular part of the integrand of 2.12 as,
Hence, by using the relation (2.30) we can isolate the divergent part of functional entropy, and make it finite as below
Now, we differentiate I 1 and I 2 with respect to U V cut-off δ and look for various divergent terms. we find
Note that as we see, in values θ = 1 and θ = 0, logarithmic terms appear. But these are not compatible with the NEC when z < 0. So we have
where the first and second terms are divergent when θ > 1 and θ > 0, respectively.
Rotating the Entanglement Region
In the previous section we study the entanglement entropy for a singular region which has a bisector in the direction of y-axis. Now we want to rotate the region by π/2 angle such that to be in the direction of x-axis. To avoid repetition of calculation, we consider the following transformations which interchange the role of x and y coordinates. Let us consider,
so the metric in (1.7) changes tõ
Then make the following steps successively,
It follows thatd
This is equivalent to (1.7) with interchanging the role of x and y. To apply these transformations to our previous results, we need to add rescaling (δ, H) → (δ 1/z , H 1/z ) to the first step in (3.3). Also we need ϕ 0 → π/2 − ϕ 0 . The resulting entanglement entropy is found as
This case is derived from rescaling results of subsection (2.2). − 1) ) or z = 2k/(2k − 1) and η = 0 otherwise. θ m = z − 2m(z − 1) is the same as (2.22). 2. 0 < z < 1:
where we deleted some log and double log terms which are not compatible with the NEC.
3. z < 0:
Conclusion
In this paper we studied the holographic entanglement entropy of anisotropic and nonconformal strongly coupled gauge theories, and explored the effects of singularity as well as anisotropy in spatial direction on the entanglement entropy. We found that for some values of z and θ the logarithmic and double logarithmic terms appear. Unlike the homogeneous space time in which the logarithmic term appear in the special value of θ = 1 which is reflected in fact that the corresponding background provide a gravitational dual for the boundary theory with Fermi surface, in anisotropic space time for some discrete values of z and θ the logarithmic or double logarithmic term appear. In this case, we also found the area law violation.
In order to find explicit results we investigated two special case: the parallel and transverse directions, i.e., singular surface oriented along the anisotropic scaling direction y and the singular entangling surface laying along isotropic direction x, respectively.
In the case of singular entangling surface along the anisotropic direction, with respect to various range of z, we found a new universal contributions. For the case z > 1, we found that for the values of z = 2k/(2k − 1) and θ = 0, which corresponds to Lifshitz geometry, the double logarithmic term appears. On the other hand, for the values of θ = z − 2n(z − 1), the logarithmic term appears. These ranges of z and θ are consistent with the NEC. Other than those values we found only power law divergences. Note, for z = 1, only power law divergences appear [66] .
In the range 0 < z < 1, our computations showed that, as before, for values k = 1/(2(1 − z)) or z = (2k − 1)/(2k) and θ = 0 the logarithmic and double logarithmic terms appear, but these values are not consistent with the NEC. So, in order to provide solutions that are compatible with the NEC, we selected θ = 1 − 2 (1 − z) with to be some positive integer. These values of z and θ leads to a logarithmic term. For other values we have power law divergences.
For the case z < 0, we have not found any logarithmic term, such that be consistent with NEC, and only power law divergences appear. However, in values θ = 1 and θ = 0, logarithmic terms appear. But these are not compatible with the NEC when z < 0.
In the transverse directions, i.e., the singular entangling surface laying along isotropic direction x, we did not found any logarihmic or double logarithmic term, such that consistence with the NEC. Only power law divergences appear.
Finally, it would be interesting to investigate these divergence structures in higher dimensions for various kinds of singularities or smooth case in general dimension.
